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CBM`~~R 4`7 626 ;~~~~`~~.~~1 990~~~e4 37 ti~~J~1~~oÕ }o,p~~,~`~~~~~Qõ o~~~I ' III II I I PIII I I I Ii , ll l lll l! pI P l l lf' I hl l ll l l 'ĨI I A system in which one server visits a set of queues, in some order, is commonly referred to as a polling system. A large number of queueing theoretíc studies about pollíng systems has been published wíth the analysis focussing on characterizing the system performance. The vast ma,Jority of those studíes considers polling systems wíth service policies commonly used in industry: the exhaustíve, the gated and the limíted servíce strategies.The maín dísadvantage of those traditíonal systems ís the inabílity to exercíse control and to affect theír design by optímizíng a performance measure such as the mean waitíng tíme of an arbitrary customer in the system, the mean amount of work in the system or the mean cycle time.
As computer and telecommunication systems become more complicated and the processing power of mícro processors becomes less expensive, the advantage of more sophístlcated pollíng systems becomes apparent.
Recently, more sophisticated service policies have been íntroduced. Among those are the fractíonal service policies, cf. Levy [1988a,b1, and the Bernoulli service strategy, cf. Keilson and Servi [19ffi6J. The present paper concerns a pollíng system in which one of the two queues has a Bernoulli service strategy.
This service polícy ís described as follows. When the server arríves at a queue he always serves one customer íf the queue is not empty. If the queue ls empty the server immedíately starts to move to the next queue.
After each service which does not leave the queue empty, the server serves 1 another customer with probability 1-p and moves to the next queue with probability p. The advantage of this servíce policy is that the parameter p allows both flexible modellíng and system optimízatíon. From a theoretic point of view, another interestíng property of the Bernoulli servíce policy is that it generalizes both the Exhaustive (a queue is served until it is empty) and the 1-Limited (when the queue ís not empty, the server serves exactly one customer) servíce strategy.
Some recent studies concerning the Bernoulll servíce strategy are Keilson and Servi [1986) , Servi [1986) , Ramaswamy and Servi [1988) and Tedijanto [1989) .
Our motívatíon ís two-fold. Firstly we have a mathematical ínterest in the analysis of a generalisation of the most basíc service disciplines, the exhaustive and the 1-limíted service discíplínes. Secondly, we would like to use the ínsight and exact results to be developed in the present study, for derivíng and testing waíting time approxímatíons ín pollíng systems with Bernoulli servíce.
Thís paper concerns the customers' waitíng times in a polling system with two queues in which one queue has a Bernoulli service polícy with parameter pE[0,11 and the other one a Bernoulli service policy with a parameter equal to zero, the Exhaustíve servíce policy. We shall indícate thís system as the two queue Exhaustíve~Bernoulli(p) system. The utilizatíon of the server, p, is defined as:
The service strategy at Q~ís Bernoulli(pl), p~e(0,11. All stochastic processes are assumed to be mutually índependent.
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~2 Derivatlon of the Aeneratinrz functions of the u a eue lenstths at pollinz instants.
In this section we determine the generating functions of the joint equilíbrium queue length distributions at polling ínstants of Qland Q2. We proceed in two steps. In subsectíon 2.1 we deríve recurrence relations between the generatíng functions. In subsection 2.2 those recurrence relations lead to explicít expressions for the generatíng functions of the steady-state queue lengths at polling ínstants.
2.1
Determínation of recurrence relations between the generatinA functions.
Let xnl ) denote the number of type-i customers in the system at the n-th polling instant of the server after t-0, n-1,2,..; 1-1,2, and let t n denote the queue which is visíted during the n-th visít of the server after t-0.
The queue length process at Q1 and Q2 at successíve polling epochs, M:-{(x(1),x(2)), n-1,2...}, forms a vector Markov process. Note that thís n n process is irreducible and aperiodíc.
Define for Iz11~1,Iz21~1: Cohen(1982) . It is also shown there that if~2~z~1:
pz(z1,P)I~1 for pe[O,ll,~zll s 1 z1-1. In the latter case pz(zl,p)-1.
except íf p-0 and simultaneously
We are now nearly ready to present the derívation of the recurrence relations between the generating functions (2.1.1). We have obtained those results by a tedious, but straíghtforward, calculation using indicator functions but we prefer to present them ín another more íntuitíve way.
Before we do that we have to íntroduce pl(zz) as the unique solution of: 7 -B.{(1-zl)ait(1-zz)az} '~zzl~l in tile region~z I~1.
If the (ntl)-th pollíng epoch marks the begínning of a vísit to Qz then: 1) because of the exhaustive service discípline at Q the only type-1 i customers present at Q1, xr..1, are those who arrived during 912 , the switch-over períod between Q1 and Qz.
2) the type-2 customers at Q, z(z) are composed of 2 nt1' -the type-2 customers present at the n-th polling epoch, x (1), n -the type-2 customers who arrived during the subsequent visít of the server to Q1, the n-th visit of the server after t-0, -the type-2 customers who arrived duríng 9 1 z'
Using those observations we can write for Oz1~sl;~zz~s1:
ritype-zarrlvalsdur(ngthe n-th vtslt X (2) E{zz zz n IL~1}.
n-1,2,.. , (2.1.6)
were we used the fact that the customers arrive according to Poisson processes.
For Izllsl;lzzl~l:
Atype-larr)valsdur1ng912 ktype-zarrlvalsdur1ng912
If the server arrives at Q1 and finds i type-1 customers present then we can víew the vísit períod to Q1 as a sequence of i independent ídentícally distributed hVGIl busy periods, c.f. Cohen(1982}:p.250. If we denote by Pt he k-th busy period in the sequence of i busy periods we can write for Izzlsl: F,Zn.1)(z1.z2)-S12{(1-zl),i1 t (1-z2)Áz) pin)(EL1(z2)~z2).
n-1,2,.. (2.1.9)
If the (ntl)-th pollíng epoch marks the beginning of a visit to Q1 then: 1) the type-1 customers at Q1, x~}i, are composed of:
-the type-1 customers present at the n-th polling instant,x(1), n -the type-1 arrivals duríng the visit of the server to Q2, the n-th visit, 9 -the type-1 arrivals during s21, the switchover period between QZ and Q1.
2) the type-2 customers at Q2 are composed of:
-the type-2 customers present at the end of the previous visit, which we shall denote by u12~, n -the type-2 arrivals during s21.
Using those observatíons we can wríte for Izll~l;lz2~s1: Lype-1 arrivale durlnq the n-th vlelt
n-1,2,.. . (2.1.12) Combining(2.1.10),..,(2.1.12) gíves for Iz1lsl;lzzlsl: for Iz1151;1z21~1: In the appendix we show that for Izl~l and pe(0,11: 1) lim d~n)(z) -a for some a E(0,1], n~oo P 
z. í,.JE{1,2). L dz z-1 pl we fínd that:
C~-(1 -p~2 s 1( jj D(S(k)(1))]-1.
1-p k-1 p p
Define for~z~sl and pe(0,1]: ( and Takács [1968) . Later on Eisenberg [1971] and Sykes [1970] generalized this model to a two-queue alternating prioríty model with switchover times. In all those studies the server was assumed to be ídle if the system was empty. Eisenberg [1972] generalized the two-queue alternating priority model to an M-queue model with non-zero swítchover times. He also assumed that the server keeps on switchíng if the system is empty.
If we take M-2 we can view this model as a special case of the two-queue ExhaustivelBernoullí model studied in thís paper. We shall show that if we take the Bernoulli parameter equal to zero we get the same expressions for the generating functions of the queue lengths at polling ínstants as Eisenberg L19721.
For p-0 we get the followíng expressions: I zlsl, k-0,1,. .. ;
1) Sók)(1)-1,
2) f2o(zl,z2) -0, Izl~sl; Iz2~s1; {~(z) ) :-~{D (S(k~(P (z )))~D (ó(k~(1))). By applying the chain rule to D(S~k-1~(p (p (z)))) and noting that P p 2 1 pl(1)-1 we get the followíng relatíon between the infiníte products in Recently, the following expression for the pseudo conservation law for this polling system has been derived (cf. Boxma [19891,Tedijanto [1989] ): by the finíte sum~{dZ DP(gpkl(z))~Z-1)~Dp(dpk~ (1)). Table I to VII, and other numerical experíments, suggest that -N increases as the Bernoulli parameter p increases, -N increases as the workload at the Bernoulli queue, and subsequently of the whole system, increases.
k-1
As stop criterium we used the dífference between the sum of the first (N-i) terms and the first N terms. In most cases considered N s 6 is sufficíent to get a dífference of less than 10-6
Model I
The arrival process at Q1 is Poísson wíth íntensity al equal to 2.0.
The service time distribution at this statíon is Exponential with mean Si equal to 0.05. The service strategy is Exhaustíve. The swítchover tíme from Q1 to Qz, s12, is deterministíc and equals 0.045.
The arrival process at Qz is Poisson with intensity Az equal to 2.5. The service time distributíon is Erlang-3 with mean~z equal to 0.09. The service strategy at thís queue is Bernoulli with parameter p and the switchover tiroe from Q2to Q1, a21, is determínistic and equal to 0.045.
In Model II to Model VII we change one or more parameters of Model I.
InModel II we change both switchover tímes to 0.005. In model III we change the average service time at QZ to 0.30. In model IV we change both swítchover times to 0.005 (as ín Model II) and the mean service time at Q z to 0.30 (as in Model III). In Model V to VII we investigate the influence 25 of the arrival intensity at the Bernoulli queue.
In Model V we take i2-2.0, ín Model VI a2 1.5 and ln Model VII a2 1.0. In all those models 20.30 (as in Model III).
In the tables we use the following shorthand notation: This paper has been devoted to the customers' waitíng times ín a polling system wíth two queues in which one queue has a Bernoullí(p) service strategy and the other queue an exhaustive service strategy.
For this system we have derived exact expressions for the LST of the waiting time distríbutíons via an íteration procedure. Based on those relatíons we expressed the customers' mean waítíng tímes at both queues in the system parameters.
In a future study we would like to investigate the possibility (1) to derive a conservatíon law based approximation for the mean waiting time at a Bernoulli(p) queue in a cyclíc servíce system with N~2 queues, using the results of this study.
(2) to use this approximation for system optimization. 26 
Appendix
In this appendix we shall prove that for~zlsl and pe[0,1]:
0~~D ( S(k)(Z))~ao . k-1 P P ( A. 1 )
First we present some definitions, in which we suppress z for notational convenience, and a Lemma.
Define for k,n-1,2,.. and Izlsl: (1-p)[Bz(k-l,k)-Bz(k,k)][1-S1~k-l,k)Sz~k,k)]tp[S1~k-l,k)-S1~k,k)]S12Bz(k,k)] t p[S12(k,ktl)-S12(ktl,ktl)]S12Bz(ktl,ktl) Using the chain rule several times we can write for k-1,2,.. and Izl~l: It is now easy to prove that for O~zsl: lim S(k)(z) -a for some ae(0,1). 
k -3ao

